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Abstract 

For functions defined on the n-dimensional hypercube /n(r) = {a; G M” | |a:j| < 
r, i = 1,2,... ,n} and harmonic therein, we establish certain analogues of 
Gauss surface and volume mean-value formulas for harmonic functions on 
the ball in E” and their extensions for polyharmonic functions. The relation 
of these formulas to best one-sided Lhapproximation by harmonic functions 
on /n(r) is also discussed. 


1. Introduction 

This note is devoted to formulas for calculation of integrals over the n- 
dimensional hypercube centered at 0 

In := In{r) := (cc G E” I < r, i = 1,2,... ,n}, r > 0, 

and its boundary := Pn(^) := dInit'), based on integration over hyperpla- 
nar subsets of In and exact for harmonic or poly harmonic functions. They 
are presented in Section and can be considered as natural analogues on 
In of Gauss surface and volume mean-value formulas for harmonic functions 
(j3]) and Pizzetti formula jH],|Sl Part IV, Gh. 3, pp. 287-288] for polyhar¬ 
monic functions on the ball in E”. Section |H1 deals with the best one-sided 
L^-approximation by harmonic functions. 

Let us remind that a real-valued function / is said to be harmonic {poly¬ 
harmonic of degree m > 2) in a given domain G C E” if / G G^(G) 
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(/ G C'^™(r2)) and A/ = 0 (A™/ = 0) on 0, where A is the Laplace operator 
and A"* is its m-th iterate 


A/ :=E 


r^l 

dxf ’ 


A"*/ := A(A"*-V). 


For any set D C M” , denote by ^{D) {9-C^{D),m > 2) the linear space 
of all functions that are harmonic (polyharmonic of degree m) in a domain 
containing D. The notation dXn will stand for the Lebesgue measure in M”. 


2. Mean-value theorems 

Let Bn{r) := {a; G M” | ||x|| := < r} and 5'„(r) := {x G 

l^n I II^11 = '>'} be the ball and the hypersphere in M"" with center 0 and 
radius r. The following famous formulas are basic tools in harmonic function 
theory and state that for any function h which is harmonic on Bn{r) both 
the average over Sn{r) and the average over Bn{r) are equal to h{0). 

The surface mean-value theorem. If h & ^{Bn{r)), then 


1 

crn_l(5'n(r)) 



h(0), 


( 1 ) 


where dan-i is the {n — 1)-dimensional surface measure on the hypersphere 
Sn{r). 

The volume mean-value theorem. If h & tH{Bn{r)), then 


1 

Xn(Bn(r)) 



h(0). 


( 2 ) 


The balls are known to be the only sets in E” satisfying the surface or the 
volume mean-value theorem. This means that if C E"^ is a nonvoid domain 
with a finite Lebesgue measure and if there exists a point ccq G such that 
h(xo) = ^ hdXn for every function h which is harmonic and integrable 

on Q, then is an open ball centered at Xo (see [6]). The mean-value proper¬ 
ties can also be reformulated in terms of quadrature domains [H] . Recall that 
n C E"^ is said to be a quadrature domain for if is a connected open 

set and there is a Borel measure d/r with a compact support C fl such 
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that f dXn = f dfj, for every A„-integrable harmonic function / on r2. 
Using the concept of quadrature domains, the volume mean-value property 
is equivalent to the statement that any open ball in M** is a qnadratnre do¬ 
main and the measnre d/i is the Dirac measure supported at its center. On 
the other hand, no domains having ’’corners” are quadrature domains [I]. 
From this point of view, the open hypercube 1° is not a quadrature domain. 
Nevertheless, here we prove that the closed hypercube In is a quadrature set 
in an extended sense - there exists a measnre dn with a compact support 
having the above property with D replaced by bnt the condition C 1° 
is violated exactly at the ’’corners” (Theorem [^. This property of /„ is of 
crucial importance for the best one-sided L^-approximation with respect to 
9l{In) (Section]^. 

Let us denote by the (n — l)-dimensional hyperplanar segments of 
defined by 

:= := {a? G 4 | \xk\ < \xi\ = \xj\, k 7 ^ i,j}, l<i < j <n. 


Denote also 


Uk{x) := 


(r - max{|xi|, |x 2 |,..., |a:n|})^ 
k\ 


, fc > 0, 


and d\^ := UkdXm- It can be calculated that 


j,n-\-k rpn-\-k—l 

KHIn) = 2"n!—A"'Li(P„) = 2"n!- 


{n + k)\ 


and 


A™ i(B„) = 2 “-‘n! 


r 


n-\-k—l 


{n + k — 1)\ 


{n + k — 1 )! ’ 


, where := Ul<i<i<n-Dn • 


The following holds true. 


Theorem 1. If h ^ ^{In), then h satisfies: 

(i) Surface mean-value formula for the hypercube 


^n-l{Pn) 


h 1 




h dXfi—i , 


(ii) Volume mean-value formula for the hypercube 


_ / h j =_ 




hdXl^+^, k>Q. 


( 3 ) 

( 4 ) 


In particular, both surface and volume mean values of h are attained on Dn ■ 


3 











Proof. Set 

and 


Mi Miix) max|xj|, 


• (^1 7 • • • 5 —1 7 ^5 ^Z+1 5 • • • 7 ^n) • 

Using the harmonicity of h, we get for fc > 1 


0 = f AhdXT=±f 

'J In i=l 


d‘^h 

q^2 


-E 

i=l ' 
n 

-E 


dxidxi... dxi-idxi+i... dx„ 


f _j, J—r 


dxj dxj 


r\ . i ^dh. 

+ / ] SlgD.XiUk-l{x) — {x)dXi 


i=l j-r K \J-r 

xdxi... dxi-idxij^i... dxr. 


'Mi 


dxi 


nr C nr 


-E 

i=\ 

xdxi... dxi-idxij^i... dxn- 


' —r J —r kJM. 


d 


ujk-i{x) — [h{x''_^f) + h{x)] dxi 
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Hence, we have 


TL nj' prp 

0 = ••• / + ^(®+r) (5) 

-[h{x'_Mj + h{x\j^J]} dxi... dxi-idxi+i ...dxn 

a k = 1 and 

nr nr nr 

0 = .../ / Uk- 2 ix)[h{xl^J + h{x)]dxi 

J -r J-r JMi 

X dxi... dxi-idxi+i... dXn (6) 

nr nr 

+ J2 ••• / + ^(®+mJ] 

J-r J-r 

X dxi ... dxi-idxi+i... dXn 

ii k > 2. 

Clearly, it is equivalent to (j^ and from ([^ it follows 


0= f £\hdXl*^= f hdX^>=-^-2l hdX;M^ (7) 

J Iji JJ Dn 

which is equivalent to Q. □ 

Let M := M{x) := maxi<j<„ \xi\. Analogously to the proof of Theoremj^ 
(ii). Equation ([^ is generalized to: 

Corollary 1. // h G ^{In) o,nd cp G C‘^^,r\ is such that 9?(0) = 0 and 
(p'(0) = 0, then 


0= / (p{r — M)AhdXn= / (p"{r — M)hdXn — 2 / (p'{r — M)hdXn-i- (8) 

»y /-jT, In Dn 

The volume mean-value formula @ was extended by P. Pizzetti to the 
following in |3l [2] . 

The Pizzetti formula. If g E 9-C^{Bn{r)), then 





^2k 


A^g{Q) 


m—1 

22^r(n/2 + k -\-l) k\ 


Here we present a similar formula for polyharmonic functions on the hyper¬ 
cube based on integration over the set D^. 
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Theorem 2. If g G m> 1, and g) G C‘^™'\f)^r] is such that = 

0 , A: = 0, 1 ,..., 2m — 1, then the following identity holds true for any k > 0." 


« m— 1 « 

/ - M)gdXn = 2j2 / - M)A 

^ In s=0 


m—s—\ 


g dX^—i^ (9) 


where Lp^I\t) = ^{t). 

Proof. Equation ([^ is a direct consequence from 

0 = / ip{r-M)A'^g 

Jin 


I dXr, 


= -2 


> 


ip^^\r-M)A^-^gdXn-iP / (p^^\r - M)A^-^g dXr. 


m—1 « « 

= ■■■ = -2j2 / ip^^^'^gdX^. 

g— Q *1 Dn a In 


□ 


3. A relation to best one-sided T ^-approximation by harmonic functions 

Theorem suggests that for a certain positive cone in C{In) the set is 
a characteristic set for the best one-sided L^-approximation with respect to 
9-[{In) as it is explained and illustrated by the examples presented below. 
For a given / G C{In), let us introduce the following subset of 9-[{In)'. 

tPL{In, f) := {h G tH:{Irf) I h < / on /„}. 

A harmonic function hi G liIL{In, f) is said to be a best one-sided L^- 
approximant from below to / with respect to tH{In) if 

11/- Ai{||i < 11/- Ai||i for every hetiL{In,f), 

where 

Iblli := [ \ 9 \dXn. 

din 

Theorem (ii) readily implies the following (pflC])- 
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Theorem 3. Let f G C{In) and hi G tHL{In, /). Assume further that the set 
Dn belongs to the zero set of the function f — hi- Then hi is a best one-sided 
L^-approximant from below to f with respect to 

Corollary 2 . If f G C^{In), any solution h of the problem 


h\Dn — f\Dn-, — V/|D„, hetHL{In,f), 


( 10 ) 


is a best one-sided L^-approximant from below to f with respect to 

Corollary 3. If f{x) = g{x) - x]f, where g G C{In) and g > 0 

on In, then hl{x) = 0 is a best one-sided -approximant from below to f 
with respect to tK{In)- 

Example 1. Let n = 2, r = 1 and fi{xi,X 2 ) = x\x 2 . By Corollary]^ the 
solution hl^ {xi,X 2 ) = —x\IA:L\x\x\ — x\IA: of the interpolation problem (10) 
with / = /i is a best one-sided L^-approximant from below to f\ with respect 
to t}{{l 2 ) and ||/i — ||i = 8/45. Since the function fi belongs to the positive 

cone of the partial differential operator V 2 2 (that is, T> 2 , 2 fi > 0 ); 

one can compare the best harmonic one-sided L^-approximation to /i with 
the corresponding approximation from the linear subspace of C'(/ 2 ): 




2,2 


{I 2 ) := {b G Cih) I b{xi,X2) = '^[aoj{xi)xi-\- aij{x2)x{]}. 


j=0 


The possibility for explicit constructions of best one-sided L^-approximants 
from ®^’^(/ 2 ), is studied in [3]. The functions fi — bl^ and fi — b*^^, where bf^ 
and b*j:_^ are the unique best one-sided L^-approximants to fi with respect to 
®^’^(/ 2 ) from below and above, respectively, play the role of basic error func¬ 
tions of the canonical one-sided L^-approximation by elements of ®^’^(/ 2 ). 
For instance, bl^ can be constructed as the unique interpolant to fi on the 
boundary 0 {{xi,X2) G I2 \ |xi| -|- \x2\ — 1} of the inscribed square and 

||/i-feM|i = 14/45 (Fig.|). 

Example 2. Let n = 2, r = 1 and f 2 ixi,X 2 ) = + 14:xfx2 + The 

solution hl^ {xi,X 2 ) = x\-\- x% — 28{xfx2 + xfx^) + TOxfxj of ( [lo| ) with / = /2 
is a best one-sided L^-approximant from below to /2 with respect to tt{{l 2 ) 
and II /2 — hf^W = 8/75. It can also be verified that II /2 — 6 {^|| = 121/900 (see 
Fig.g. 
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Figure 2: The graphs of the function fi{xi,X 2 ) = X 1 X 2 (coral) and its best one-sided 
I/^-approximants from below, hl^ with respect to ^{ 12 } (left) and bl^ with respect to 
(right). 



Figure 3; The graphs of the function f 2 {xi,X 2 ) = a;® -|- Uxfx^ + a;® (coral) and its 
best one-sided i^-approximants from below, hl^ with respect to ^{h) (left) and with 
respect to ®^’^(/ 2 ) (right). 


Remark 1. Let ip e C'^[0,r] is such that 9?(0) = 0, v:>'(0) = 0, and p' > 0, 
p" > 0 on [0,r]. It follows from ([^ that Theorem also holds for the best 
weighted L^-approximation from below with respect to ^{In) with weight 
p"{r — M). The smoothness requirements were used for brevity and wherever 
possible they can be weakened in a natural way. 
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